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Temperature in a finite system

In statistical physics, we usually deal with systems in the thermodynamic limit, i.e. where the particle 
number and volume are infinitely large. However, in some relevant situations, researchers would like 
to generalize concepts such as temperature and (thermodynamic) energy to finite systems. This is 
useful for simulations or in mesoscopic systems, where the number of degrees is large but does not 
tend to inifinity. In this problem we carefully analyze how temperature and energy can be evaluated 
for such systems.

In the microcanonical ensemble, the number of particles, volume and energy of a large system system 
are kept fixed. In this problem we analyze the temperature of such a system. A quick (and commonly 
used) estimate for the temperature is based on the equipartition theorem: the kinetic energy of the 
system is determined as the MkBT /2, where M is the number of degrees of freedom of the system.

Let’s consider a gas of point particles in a cubic volume L x L x L with periodic boundary conditions. 
The latter imply that a particle leaving the system through the right wall, enters again through the left 
wall.

a) Argue whether in that case the total momentum is conserved.

b) Suppose that in a computer simulation of this system, you can calculate the kinetic energy 
 at all times. What would be your estimate for the temperature at any time in terms of the 
 kinetic energy K of the system, using the equipartition theorem?

c) Now we want to check whether the simple argument given above is indeed correct. The 
 proper way to calculate the temperature is

 at constant volume and particle number. Here, S(E) = kB ln Ω(E), where  Ω(E) is the number of 
 states with eneregy E accessible to the system. This number is given by

 where p and q denote all momenta and positions of the particles in the system. Taking into  
 account the fact that the total momentumis conserved, this leads to

 Here, h is Planck’s constant; it occurs with exponent 3N–3 as a result of momentum 
 conservation. The factor N! accounts for the indistinguishability of the particles. Show that   
 can be written as

1

T
=

(

∂S

∂E

)

Ω =
∑

allstates

δ [E −H(p, q)]

Ω =
1

h3N−3N !

∫
δ [E −H(p, q)] d3N−3pd3Nq.
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 where ω(D) is the surface of a unit sphere in D dimensions. Show that from this it follows 
 that

 How does the difference between this expression and that found in (b) scale as a function
 of the particle number N?

d) Now suppose we can also perform (numerical or analytic) calculations for the total energy
 of a many-particle system in the canonical ensemble. In this ensemble, the expectation value 
 for the total energy is given as
 where the sum over i denotes a sum over all states, and the β= 1/(kBT) is fixed. The sumover 

 all states can be replaced by an integral over the energy:

 where g(E) is the density of states, given as

 Expand the quantity -β + S(E) around the E*, which is the energy at which this function 
 attains its maximum. Note that E* is the energy of the microcanonical ensemble. We shall see 
 that in the canonical ensemble, the energy deviates from this value, even if the temperature is 
 the same as for the microcanonical version. The expansion up to third order in the deviation 
 ΔE from E* reads:

 Show that

 

 Hint: expand the integrand to first order in ° to keep only Gaussians and powers of ΔE in the 
 integrals.

Ω =
(2m)(3N−3)/2ω(3N − 3)

2h3N−3N !

∫
[E − V (q)](3N−5)/2

d3Nq

1

kBT
=

3N − 5

2

〈

1

K

〉

.

〈E〉 =

∑
i Eie

−βEi

∑
i e

−βEi

∑
i

→

∫
g(E)dE,

g(E) = eS(E)/.

−βE + S(E)/kB = −βE∗ + S(E∗)/kB − α∆E2
− γ∆E3 + . . . .

�E� = E∗ −
3γ

4α2
.

kb
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e)  Show that

and

−2kBα =
3N − 5

4

[

(3N − 7)

〈

1

K2

〉

− (3N − 5)

〈

1

K

〉

2
]

,

−6kBγ =
(3N − 5)(3N − 7)(3N − 9)

8

〈

1

K3

〉

−3
(3N − 5)2(3N − 7)

8

〈

1

K2

〉〈

1

K

〉

+
(3N − 5)3

4

〈

1

K

〉3

.

dr. J. Thijssen (TU Delft)
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Space Mirrors

During one of the missions of the USS Enterprise in deep space, far away from any massive objects, 
captain Kirk asks his crew to conduct an experiment. At time t=0, two identical mirrors are sent into 
space. One of the mirrors, mirror A, is sent in the positive x-direction, the other one, mirror B, is sent 
in the negative x-direction. Both mirrors have the same velocity V/c = 4/5.

After a certain amount of time T, the crew in the ship fires a laser pulse towards mirror A. The fre-
quency of the light is, according to the crew, f0. At mirror A, the pulse is reflected and propagates back 
into the direction of mirror B. After some time, the pulse will reflect from mirror B and find its way 
back to the USS Enterprise, where it is detected. Captain Kirk would like to know at what time the USS 
Enterprise will detect the pulse and what frequency the pulse then has.

a) Calculate the time of the detection and the frequency of the pulse for captain Kirk.

Moreover, captain Kirk has sent a port of his crew with each mirror. He wants them to measure the 
time of arrival and the frequency of the light that hits their respective mirrors.

b) For both mirrors, calculate the time of arrival of the pulse and the frequencies of the light.

Prof. dr. R.F.  Mudde (TU Delft)
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When two superconductors (S) are separated by a thin insulating (I) layer (a socalled SIS junction) 
a “supercurrent” can tunnel from one superconductor to the other in the absence of an applied bias 
voltage. This supercurrent Is consists of pairs of electrons, the Cooper pairs, which are described by a 
common macroscopic wavefunction . The current Is is a periodic function of the 
phase difference  of the wavefunctions in the two superconducting layers:

This equation represents the dc Josephson effect, named after its discoverer B.D. Josephson. When 
a dc voltage V is applied across the junction the phase difference becomes time-dependent and 
changes as

In this problem we consider the situation in which a voltage V(t) is applied across the junction that 
contains both a dc and an ac component:

a) Show that the (time-dependent) supercurrent for the applied voltage V(t) is given by

b) Use the substitutions:

 and the expansion into Bessel functions Jk(z):

 

Shapiro spikes

Is = Ic sin(φ)

ψ(�r) = |ψ(�r)| eiθ(�r)

φ ≡ θ1 − θ2

dφ

dt
=

2eV

�

V (t) = V0 + V1 cos(ωt)

Is(t) = Ic Im

[

exp

(

i(φ0 +
2e

�
V0t+

2eV1

�ω
sin(ωt)

)]

1

Shapiro spikes
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When two superconductors (S) are separated by a thin insulating (I) layer (a so-
called SIS junction) a ”supercurrent” can tunnel from one superconductor to the
other in the absence of an applied bias voltage. This supercurrent Is consists of
pairs of electrons, the Cooper pairs, which are described by a common macroscopic
wavefunction ψ(�r) = |ψ(�r)| eiθ(�r). The current Is is a periodic function of the phase
difference φ ≡ θ1 − θ2 of the wavefunctions in the two superconducting layers:

Is = Ic sin(φ). (1)

Eq. (1) represents the dc Josephson effect, named after its discoverer B.D. Josephson.
When a dc voltage V is applied across the junction the phase difference ∆φ becomes
time-dependent and changes as

dφ

dt
=

2eV

h̄
. (2)

In this problem we consider the situation in which a voltage V (t) is applied across
the junction that contains both a dc and an ac component:

V (t) = V0 + V1 cos(ωt) (3)

(a) Show that the (time-dependent) supercurrent for the applied voltage V (t) [Eq. (3)]
is given by

Is(t) = Ic Im

[
exp

(
i(φ0 +

2e

h̄
V0t+

2eV1

h̄ω
sin(ωt)

)]
(4)

(b) Use the substitutions:

ωj ≡ 2e

h̄
V0

z ≡ 2eV1

h̄ω
(5)

α ≡ ωt

and the expansion into Bessel functions Jk(z):

eiz sin(α) =
∞∑

k=−∞

Jk(z) cos(kα) + i
∞∑

k=−∞

Jk(z) sin(kα) (6)
e
iz sin(α) =

∞∑

k=−∞

Jk(z) cos(kα) + i

∞∑

k=−∞

Jk(z) sin(kα)
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to rewrite the supercurrent Is(t) in the form:

Give expressions for f(k) and x.

Hint: Bessel functions obey the parity relation Jk(z) = (-1)k J-k(z).

c)  We now add the shunt current V0/R so that the total current I through the junction becomes

with Is(t) given in b). Use reverse substitution to express Is(t) again in terms of V0, V1 and ω. What is 
the dc part of the current? What do you think is meant by “Shapiro spikes”? Motivate your answer. 
Also make a (qualitative) sketch of the dc component of the current I(t) as a function of voltage V0.

-- Master Part --

We now consider small deviations of the voltages around the Shapiro spikes found under (c). Derive 
an expression for the resulting supercurrent Is(t) for and describe how it behaves.

Is(t) = Ic

∞∑

k=−∞

f(k) sin(φ0 + ωjt+ x)

I(t) = Is(t) +
V0

R

φ0 = π/2

dr. M. Blaauboer (TU Delft)
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In biology, many proteins are designed to bind a small molecule called a ligand. We can think of 
these proteins as existing in one of two states, bound or unbound. Furthermore, identical proteins are 
sometimes found assembled into larger complexes that exhibit what is called cooperative binding. In 
cooperative binding, the proteins in a complex prefer to be either all bound or all unbound. Here we 
will develop a simple model of this phenomenon.

 a) Consider a protein complex made of N=4 individual proteins arranged in a ring, as shown 
 in the figure above. Let bi = 1,0 represent whether the ith protein is bound or unbound 
 to a ligand, respectively. The change in energy associated with binding of one additional 
 ligand is -µ. Additionally, there is an interaction energy between neighboring proteins 
 denoted by ε where ε>0. Two neighboring proteins in the same state contribute an 
 energy –ε, while two neighboring proteins in opposite states contribute an energy ε.
 Because of the ring configuration, proteins 1 and 4 are neighboring each other. As an 
 example, the energy of the five configurations shown in the figure above would be 
 (from left to right):

 Write the partition function of this system, in terms of ε, µ, and the Boltzmann factor β

 b) Let’s first set µ = 0. What is the average number of ligands bound to the protein complex? What 
 is the probability that exactly this average number of ligands is bound to the complex? What is 
 the asymptotic value of this probability as the interaction energy ε becomes large? Write all 
 answers in terms of in terms of ε, µ, and β.

 c) Now consider the limit that, which occurs when the ligand becomes dilute. What is 
 the average energy of the complex? What is the probability that any ligands are bound to the 
 complex? What is the asymptotic value of this probability as the interaction energy ε becomes 
 large? Write all answers in terms of in terms of ε, µ, and β.

 

Cooperative binding in biological systems

Figure 1: A four-protein complex (green) can bind up to four small ligand molecules (red)

−4ǫ,−µ,−2µ,−3µ, and− 4ǫ− 4µ

β =
1

kBT

µβ ≪ 0
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 d) Returning again to the case where µ=0, write a generalized partition function for N proteins 
 in a ring complex where N is even. Write the partition function of this system in terms 
 of ε, β,  and the hyperbolic functions (cosh, tanh, etc.). Write your answer in 
 a compact form, i.e. do not leave your answer expressed as a summation.

The end

dr. E. Abbondanzieri (TU Delft)
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that are key to producing cheaper, faster, more energy-efficient microchips. 

Our machines image billions of structures in a few seconds, all with an accuracy of a few silicon atoms. And we 
intend to be imaging even more billions - thanks to our lithography. This will create microchip features of just  
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