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Temperature in a finite system

In statistical physics, we usually deal with systems in the thermodynamic limit, i.e. where the particle
number and volume are infinitely large. However, in some relevant situations, researchers would like
to generalize concepts such as temperature and (thermodynamic) energy to finite systems. This is
useful for simulations or in mesoscopic systems, where the number of degrees is large but does not
tend to inifinity. In this problem we carefully analyze how temperature and energy can be evaluated
for such systems.

In the microcanonical ensemble, the number of particles, volume and energy of a large system system
are kept fixed. In this problem we analyze the temperature of such a system. A quick (and commonly
used) estimate for the temperature is based on the equipartition theorem: the kinetic energy of the
system is determined as the Mk, T /2, where M is the number of degrees of freedom of the system.

Let’s consider a gas of point particles in a cubic volume L x L x L with periodic boundary conditions.
The latter imply that a particle leaving the system through the right wall, enters again through the left
wall.

a) Argue whether in that case the total momentum is conserved.

b) Suppose that in a computer simulation of this system, you can calculate the kinetic energy
at all times. What would be your estimate for the temperature at any time in terms of the
kinetic energy K of the system, using the equipartition theorem?

c) Now we want to check whether the simple argument given above is indeed correct. The
proper way to calculate the temperature is

1 [0S

T oF
at constant volume and particle number. Here, S(E) = k, InQ(E), where Q(E) is the number of
states with eneregy E accessible to the system. This number is given by

Q= Y GS[E—-H(pq)

allstates
where p and g denote all momenta and positions of the particles in the system. Taking into

account the fact that the total momentumis conserved, this leads to

1 _
Q= M/5[E—H(PaQ)]d3N pd*Nq

Here, h is PlancK’s constant; it occurs with exponent 3N-3 as a result of momentum
conservation. The factor N! accounts for the indistinguishability of the particles. Show that
can be written as
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d)

2m)BN=3)/20,(3N — 3 _
= 2m) 2h3N—3](\[! )/[E_V(C])](3N R d*Ngq

where w(D) is the surface of a unit sphere in D dimensions. Show that from this it follows
that
I 3N-5/1
keT 2 <E>

How does the difference between this expression and that found in (b) scale as a function
of the particle number N?

Now suppose we can also perform (numerical or analytic) calculations for the fotal energy
of a many-particle system in the canonical ensemble. In this ensemble, the expectation value
for the total energy is given as

where the sum over i denotes a sum over all states, and the 8= 1/(k,T) is fixed. The sumover

_ B
Y ePE

all states can be replaced by an integral over the energy:
> = / g(E)dE
where g(E) is the density of states, given as

g(E) = eSO/

Expand the quantity -3 + S(E) around the E*, which is the energy at which this function
attains its maximum. Note that E* is the energy of the microcanonical ensemble. We shall see
that in the canonical ensemble, the energy deviates from this value, even if the temperature is
the same as for the microcanonical version. The expansion up to third order in the deviation
AE from E* reads:

—BE+ S(E)/kp = —BE* + S(E*)/kp — aAE* — yAE® + ...

(E)

Show that

3y
E)=FE"— L
(E) 102

Hint: expand the integrand to first order in ° to keep only Gaussians and powers of AE in the
integrals.
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e) Show that

oo 3N475 [(BN 7 <;2> — (3N —5) <[1(>2} :

and

K

kg = BN ZH)EN TN —9) <1>_3(3N—5)2(3N—7) <1><1> L BN -5y <11(>3

8 K3 8 K? 4

dr. J. Thijssen (TU Delft)
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Space Mirrors

During one of the missions of the USS Enterprise in deep space, far away from any massive objects,
captain Kirk asks his crew to conduct an experiment. At time t=0, two identical mirrors are sent into
space. One of the mirrors, mirror A, is sent in the positive x-direction, the other one, mirror B, is sent
in the negative x-direction. Both mirrors have the same velocity V/c = 4/5.

After a certain amount of time T, the crew in the ship fires a laser pulse towards mirror A. The fre-
quency of the light is, according to the crew, f,. At mirror A, the pulse is reflected and propagates back
into the direction of mirror B. After some time, the pulse will reflect from mirror B and find its way
back to the USS Enterprise, where it is detected. Captain Kirk would like to know at what time the USS
Enterprise will detect the pulse and what frequency the pulse then has.

a) Calculate the time of the detection and the frequency of the pulse for captain Kirk.

Moreover, captain Kirk has sent a port of his crew with each mirror. He wants them to measure the
time of arrival and the frequency of the light that hits their respective mirrors.

b) For both mirrors, calculate the time of arrival of the pulse and the frequencies of the light.

Prof. dr. R.E. Mudde (TU Delft)
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Shapiro spikes

When two superconductors (S) are separated by a thin insulating (I) layer (a socalled SIS junction)
a “supercurrent” can tunnel from one superconductor to the other in the absence of an applied bias
voltage. This supercurrent I consists of pairs of electrons, the Cooper pairs, which are described by a
common macroscopic wavefunction ¥ (7) = [¢(7)| ", The current I is a periodic function of the
phase difference ¢ = 61 — 02 of the wavefunctions in the two superconducting layers:

I, = I.sin(¢)

This equation represents the dc Josephson effect, named after its discoverer B.D. Josephson. When
a dc voltage V is applied across the junction the phase difference becomes time-dependent and
changes as

dp 2V

dt  h
In this problem we consider the situation in which a voltage V() is applied across the junction that
contains both a dc and an ac component:

V(t) = Vo + Vi cos(wt)

a) Show that the (time-dependent) supercurrent for the applied voltage V(t) is given by

B . 2e 2eV) .
Ii(t) = I.Im [exp (z(gbo + %Vot + o bln(o.)t))]

b) Use the substitutions:

2e
= —W
wj 5 0
2eV;
z =
hw
a = wt

and the expansion into Bessel functions J, (z):

zzsm(a) _ Z Jk: COS k‘OZ —I—Z Z Jk SlIl(kOd)

k=—00 k=—oc0
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to rewrite the supercurrent I (t) in the form:
I,(t) = I. Z f(k)sin(go + w;t + x)
k=—oc0

Give expressions for f(k) and x.

Hint: Bessel functions obey the parity relation J (z) = (-1)] (2).

c) We now add the shunt current V /R so that the total current I through the junction becomes

1) = L)+ 2

with I (t) given in b). Use reverse substitution to express I (¢) again in terms of V, V, and w. What is
the dc part of the current? What do you think is meant by “Shapiro spikes”™? Motivate your answer.
Also make a (qualitative) sketch of the dc component of the current I(t) as a function of voltage V.

-- Master Part --

We now consider small deviations of the voltages around the Shapiro spikes found under (c). Derive
an expression for the resulting supercurrent I(t) for ¢o = m/2 and describe how it behaves.

dr. M. Blaauboer (TU Delft)
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Cooperative binding in biological systems

" ]

Figure 1: A four-protein complex (green) can bind up to four small ligand molecules (red)

In biology, many proteins are designed to bind a small molecule called a ligand. We can think of
these proteins as existing in one of two states, bound or unbound. Furthermore, identical proteins are
sometimes found assembled into larger complexes that exhibit what is called cooperative binding. In
cooperative binding, the proteins in a complex prefer to be either all bound or all unbound. Here we
will develop a simple model of this phenomenon.

a)

b)

c)

Consider a protein complex made of N=4 individual proteins arranged in a ring, as shown
in the figure above. Let b, = 1,0 represent whether the ith protein is bound or unbound
to a ligand, respectively. The change in energy associated with binding of one additional
ligand is -p. Additionally, there is an interaction energy between neighboring proteins
denoted by & where €>0. Two neighboring proteins in the same state contribute an
energy -¢, while two neighboring proteins in opposite states contribute an energy e.
Because of the ring configuration, proteins 1 and 4 are neighboring each other. As an
example, the energy of the five configurations shown in the figure above would be
(from left to right):

—4e, —p, =2, —3p, and — 4de — 4p

Write the partition function of this system, in terms of ¢, 4, and the Boltzmann factor f3

T
B
Let’s first set t = 0. What is the average number of ligands bound to the protein complex? What
is the probability that exactly this average number of ligands is bound to the complex? What is
the asymptotic value of this probability as the interaction energy & becomes large? Write all
answers in terms of in terms of ¢, y, and f.

Now consider the limit that, 413 < 0 which occurs when the ligand becomes dilute. What is
the average energy of the complex? What is the probability that any ligands are bound to the
complex? What is the asymptotic value of this probability as the interaction energy ¢ becomes
large? Write all answers in terms of in terms of ¢, y, and f8.
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d)

Returning again to the case where pu=0, write a generalized partition function for N proteins
in a ring complex where N is even. Write the partition function of this system in terms
ofe, 8, and the hyperbolic functions (cosh, tanh, etc.). Write your answer in
a compact form, i.e. do not leave your answer expressed as a summation.

dr. E. Abbondanczieri (TU Delft)

The end
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NOBODY LIKES A

SMART-ASS

MAAR WIJ WEL!

Voor een (aanstaande) ingenieur is een netwerk belangrijk.
Vakkennis bijhouden, expertise verder ontwikkelen en goed op de hoogte blijven
door contacten met andere ingenieurs. Een levend netwerk dus.

20.000 ingenieurs hebben inmiddels de waarde van ons netwerk ontdekt

en zijn lid geworden van KIVL.

Want door direct contact te kunnen leggen met andere leden krijg je
automatisch toegang tot allerlei verschillende bedrijfstakken (van aerospace tot
waterbeheer) en diverse functieniveaus (van CEO tot wetenschapper). Zowel in het
binnenland als ook in het buitenland. Dat biedt niet alleen perspectieven binnen je
eigen vakgebied, maar is ook goed voor het verdere verloop van je carriére.
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Lees meer op: www.kivi.nl



How do you
print 20 nm structures
using 193 nm light waves?

Join ASML as a Physics Engineer and help push the boundaries of technology.

At ASML we bring together the most creative minds in science and technology to develop lithography machines
that are key to producing cheaper, faster, more energy-efficient microchips.

Our machines image billions of structures in a few seconds, all with an accuracy of a few silicon atoms. And we
intend to be imaging even more billions - thanks to our lithography. This will create microchip features of just
20 nm using light waves of 193 nm. That’s like drawing an extremely fine line using an oversized marker.

That’s why we need talented Physics Engineers. People who can design sensors, actuators and control models
that manipulate light at nanometer levels. People who know how to measure and model deviations from the

ideal world. People who want to achieve something that, at first sight, looks simply impossible.

If you're up for it, you’ll be part of a multidisciplinary team with plenty of freedom to experiment and
learn new skills. You’ll also be rubbing shoulders with some of the brightest minds around.

www.asml.com/careers

ASML

/ASML @ASMLcompany For students who think ahead



